Ratios of Bessel Functions and Roots of αJν(x)+xJ′ν(x)=0  by Landau, L.J.
Ž .Journal of Mathematical Analysis and Applications 240, 174]204 1999
Article ID jmaa.1999.6608, available online at http:rrwww.idealibrary.com on
Ž . XŽ .Ratios of Bessel Functions and Roots of a J x q xJ x s 0n n
L. J. Landau
Department of Mathematics, King’s College London, Strand, London WC2R 2LS
United Kingdom
Submitted by Bruce C. Berndt
Received November 6, 1998
Ž . Ž .Derivatives with respect to order n and argument x of the ratio J x rJ x ofn nq1
Bessel functions are studied for all real values of n and x. Our results generalize
and sharpen previously known results, and allow the deduction of a more complete
description, including monotonicity and multiplicity, of the positive roots of the
Ž . XŽ .equation a J x q xJ x s 0 for all real n and a . Q 1999 Academic Pressn n
1. INTRODUCTION AND SUMMARY
Ž . Ž .The ratio J x rJ x plays an important role in many studies ofn nq1
Bessel functions. A recent example is the proof of the Payne]Polya]Wein-Â
w xberger conjecture by Ashbaugh and Berguria 2 , which uses a convexity
Ž . Ž . Ž . Ž .property of J x rJ x and a monotonicity property of J x rxJ x .nq1 n nq1 n
Ž w x.There have been extensive studies for example, 3]5, 7, 8, 15, 17, 18 of
the roots of the equation
a J x q xJ X x s 0, 1Ž . Ž . Ž .n n
which arises in mixed boundary value problems in mathematical physics
Ž .and a variety of other contexts. Equation 1 also determines the stationary
a Ž .points of the function x J x , which is important in deriving best uniformn
w x Ž .bounds on Bessel functions 12 . Equation 1 may be rewritten as
F x s ya , 2Ž . Ž .n
where
xJ X x J x J xŽ . Ž . Ž .n nq1 ny1
F x s s n y x s yn q x . 3Ž . Ž .n J x J x J xŽ . Ž . Ž .n n n
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Ž . Ž .From 2 and 3 we see the importance of the ratio of Bessel functions for
Ž .the derivation of properties of the roots of Eq. 1 . Our results on ratios of
Ž .Bessel functions, which hold for all real n and x away from singularities ,
are these:
Ž . Ž .1. In Section 2 we show that z J nz rJ nz is strictly decreasingn nq1
in n on any interval not containing a singularity, obtaining in Theorem 1
an upper bound on its derivative:
› J nz 2Ž .n
z F y .2›n J nz nŽ .nq1
w x w xThis extends a result of Lorch 13 and Muldoon 16 away from equal
Ž . Ž . Ž .order and argument i.e., z s 1 . The graph of z J nz rJ nz y 2rn asn nq1
a function of n is illustrated in Figure 1 for various values of z .
Ž . Ž .2. In Section 3 we show that xJ x rJ x is strictly increasing in nn nq1
on any interval not containing a singularity, obtaining in Theorem 2 a
lower bound on its derivative:
› J xŽ .n
x G 2.
›n J xŽ .nq1
Ž . Ž .The graph of xJ x rJ x y 2n as a function of n is illustrated inn nq1
Figure 2 for various values of x.
3. In Section 4 we show the following:
v Ž . Ž .If n ) y1 or n is a negative integer, then J x rJ x is strictlyn nq1
decreasing in x on any interval not containing a singularity.
v If n - y1 and not a negative integer, when x is positive
Ž . Ž . Ž .J x rJ x is initially increasing from y‘ for small positive x, reach-n nq1
Ž .ing a maximum where it is negative , and is thereafter strictly decreasing
on any interval not containing a singularity.
Ž . Ž .The graph of J x rJ x as a function of x is illustrated in Figure 3 forn nq1
various values of n .
Ž .Let x denote the kth positive root of Eq. 1 , in increasing order. Then , k
Ž .dependence of x on n is a consequence, due to 2 , of the dependencen , k
Ž . wof F x on both x and n . In Section 5 we review the results of Spigler 17,n
x Ž .18 on the derivative with respect to x of F x , combining them with ourn
Theorem 2, described in result 2 above, on the derivative with respect to n
Ž .of F x . Indeed, from Theorem 2 we immediately obtain Theorem 3 ofn
Section 5:
› F xŽ .n G 1. 4Ž .
›n
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Ž . Ž . Ž . Ž .FIG. 1. Graphs of C s z J nz rJ nz y 2rn versus n , where A z s y2, Bn nq1
Ž . Ž .z s y0.5, C z s 1, D z s 2.
Ž .Equation 4 , which is valid for all real n and x away from singularities of
Ž .F x , provides essential, previously missing information which is requiredn
Ž .to determine the sign of dx rdn . The graph of F x as a function of x isn , k n
illustrated in Figure 4 for various values of n .
Because our results hold for all real values of n , we are able in Section 6
to extend earlier studies, often restricted to n ) 0 or n ) y1, and deduce
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Ž .FIG. 1. Continued
Ž .a more complete picture of the variation of the positive roots of 1 with
XŽ . Ž Ž . .respect to order. The roots of J x s 0 a special case of 1 where a s 0n
w x Žwere studied numerically in 10, 11 where complex roots of various Bessel
.and modified Bessel functions and their derivatives are also computed .
w xEven in this special case, as pointed out in 10, 11 , erroneous statements
concerning the qualitative behavior of the roots can be found in the
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Ž . Ž . Ž . Ž .FIG. 2. Graphs of C s xJ x rJ x y 2n versus n , where A x s 0.1, B x s 0.5,n nq1
Ž . Ž .C x s 1, D x s 2.
w x XŽ .literature: 1, 9.5 claims the non-zero roots of J x s 0 are simple for alln
w x Ž .real n , and 9 claims the roots of 1 are simple. Our results lead to the
derivation in Section 6 of the qualitative behavior, including monotonicity
Ž .and multiplicity, of all the positive roots of 1 for all real n and a . Among
other results we show that dx rdn ) 0 if any of the following conditionsn , k
RATIOS OF BESSEL FUNCTIONS 179
Ž .FIG. 2. Continued
holds:
w x1. n G min y1, ya or n is a negative integer.
w < < x2. x ) min n , j .n , k n , 1
3. k G 2.
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Ž . Ž . Ž . Ž . Ž .FIG. 3. Graphs of y s J x rJ x versus x, where A n s 1, B n s 0, C n s y2.5,n nq1
Ž .D n s y3.
The general dependence of x on n is illustrated in Figure 5 for variousn , k
values of a .
We also point out in Section 7 that our results 1 and 3 above lead to a
Â w xsimple alternative proof of a result of Hacik and Michalikova 5 : If a G 0,ÂÏ Â
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Ž .FIG. 3. Continued
then x rn is decreasing in n for n ) 0. We remark there that thisn , k
extends also to values of n satisfying 0 ) n G ya .
Remark. Note that
n
J z s zr2 B z , 5Ž . Ž . Ž . Ž .n n
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Ž . Ž . Ž . Ž . Ž .FIG. 4. Graphs of F x versus x where A n s 2, B n s y0.5, C n s y1.9999, Dn
n s y2.0001.
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Ž .FIG. 4. Continued
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FIG. 5. Graphs of the positive roots x as well as the negative roots yx versus n ,n , k n , k
2 2' Ž . Ž . Ž .showing also the double root curve n s y x q a , where A a s 1r3, B a s 1.5, C
Ž .a s 2, D a s y2.
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Ž .FIG. 5. Continued
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where
m 2 m‘ y1 zr2Ž . Ž .
B z s 6Ž . Ž .Ýn m! G n q 1 q mŽ .ms0
w Ž .xis an entire analytic function of n and z which is even in z 19, p. 40 8 .
Ž .The non-zero roots of B z s 0 are the same as the non-zero roots ofn
Ž . Ž . Ž .J z s 0. On the other hand, since B 0 s 1rG n q 1 , we see thatn n
Ž .B 0 s 0 if and only if n is a negative integer. Furthermore, if n is not ann
Ž .integer, J z , as a function of z, has a branch point at z s 0, butn
Ž . Ž .J z rJ z has no branch point and is an odd function of z. Thusn nq1
J yx J xŽ . Ž .n ns y 7Ž .
J yx J xŽ . Ž .nq1 nq1
or
< <J x J xŽ . Ž .n ns sgn x .Ž .
< <J x J xŽ . Ž .nq1 nq1
Ž .Note also that we may express F z in the formn
B z z 2 B zŽ . Ž .ny1 nq1
F z s yn q 2 s n y . 8Ž . Ž .n B z 2 B zŽ . Ž .n n
Ž . Ž . Ž .Hence F z has no branch point. It follows from 8 that F z does notn n
have a singularity at z s 0 unless n is a negative integer.
Ž .As is conventional, the k th positive zero of J x in increasing order isn
denoted by j .n , k
2. ON THE LORCH]MULDOON THEOREM
Bessel functions of equal order and argument arise naturally in studies
w xof the large order behavior of Bessel functions 19, Chap. VIII . Related to
w x Ž .this, Watson 19, Sects. 8.5]8.55 derived monotonicity properties of J nzn
XŽ . w xand J nz . Pursuing these results, Lorch 13 was led to study monotonic-n
Ž . Ž .ity of J n rJ n in 0 - n - ‘. His result was simplified and extendednq1 n
w xto all real n by Muldoon 16 . Here we extend the result still further to the
case where the order and argument are unequal.
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Ž . w Ž .xThe Lommel polynomial R x is 19, p. 296 3m , n
my 2 nw xmr2 G n q m y n 2Ž .n m y nR x s y1 . 9Ž . Ž . Ž .Ým , n ž / ž /n G n q n xŽ .ns0
In particular,
R x s 2nrx 10Ž . Ž .1, n
2R x s n q 1 n 2rx y 1. 11Ž . Ž . Ž . Ž .2, n
w Ž .xHurwitz showed 19, p. 302 1
nqm
xr2 R xŽ . Ž .m , nq1
lim s J x 12Ž . Ž .nG n q m q 1m“‘ Ž .
w x Ž .and hence 19, p. 303 if J x / 0,nq1
J x R xŽ . Ž .n mq1, nq1s lim . 13Ž .
J x R xm“‘Ž . Ž .nq1 m , nq2
w x Ž .Muldoon 16 used 13 and representations of its right-hand side to
deduce
Ž . Ž . Ž .THEOREM Muldoon . The function J n rJ n is a strictly increasingnq1 n
Ž .function of n on e¤ery inter¤al not containing a zero of J n . Equi¤alently,n
Ž . Ž .J n rJ n is a strictly decreasing function of n on e¤ery inter¤al notn nq1
Ž .containing a zero of J n .nq1
This theorem will now be generalized to the case where the order and
Ž . Ž .argument are unequal. That is, monotonicity of J nz rJ nz can ben nq1
established away from z s 1 and, furthermore, a strictly negative upper
bound on its derivative can be established:
Ž .THEOREM 1. For any real z and n such that J nz / 0 and nz / 0,nq1
› J nz 2Ž .n
z y F 0. 14Ž .
›n J nz nŽ .nq1
Proof. Before we begin, it may be helpful to explain our strategy. The
Ž . Ž .n Ž . Ž .Bessel function J x s zr2 B z , where B z is an entire analyticn n n
function of n and z. The ratio
J z 2 B zŽ . Ž .n ns 15Ž .
J z z B zŽ . Ž .nq1 nq1
L. J. LANDAU188
Ž .has singularities only at z s 0 and the zeros of B z . So for z / 0 fixed,nq1
Ž . Ž .the ratio J nz rJ nz as a function of n has singularities only at n s 0n nq1
Ž .and the zeros of B nz . These will occur at only a finite set of realnq1
wvalues of n in any bounded set of n values. The roots of the entire
Ž . < < < <analytic function B nz occur when z s j r n , and note thatnq1 nq1, k
j rn strictly decreases to 1 as n increases to ‘. It follows that for anynq1, k
Ž .fixed real non-zero z , the function B nz is not identically zero and,nq1
xhence, cannot have a finite point of accumulation of its zeros. Further-
Ž .more, in the approximation by Lommel polynomials 13 , since for z fixed
Ž .R nz is a polynomial in 1rn , the singularities in the ratio of Lommelj, nql
polynomials can occur only at n s 0 and the zeros of the denominator}
Ž w x Ž .which are finite in number. The uniformity 19, p. 302 of the limit 12
.will imply that zeros of the denominator can be controlled for large m.
Ž .We will therefore, in the first stage of the proof for m finite avoid points
of non-differentiability, and later use continuity and uniformity to obtain
the theorem.
Ž . Ž .Let m G 3 and nz / 0. From 10 and 11 , one obtains
R nz m y 1 z 2Ž .2, nqmy1
z s 2 1 q y mž /R nz n 2 1 qŽ . Ž .1, nqm n
and hence
› R nzŽ .2, nqmy1
z - 0. 16Ž .
›n R nzŽ .1, nqm
We now use an induction on k from k s 0 to k s m y 1. Suppose we
have shown
› R nzŽ .kq2, nqmyky1
z - 0. 17Ž .
›n R nzŽ .kq1, nqmyk
w xThen from the relation 19, p. 303
y1R x 2n RŽ .mq 1, n m , nq1Ž x .s y 18Ž .
R x x R xŽ . Ž .m , nq1 my1, nq2
we obtain
R nz m y k y 2Ž .kq3, nqmyky2
z s 2 1 qž /R nz nŽ .kq2, nqmyky1
y1R nzŽ .kq2, nqmyky12y z z 19Ž .
R nzŽ .kq1, nqmyk
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Ž .and hence as long as m y k y 2 G 0
› R nzŽ .kq3, nqmyky2
z - 0.
›n R nzŽ .kq2, nqmyky1
Ž .We conclude by induction that 17 holds for k s 0, . . . , m y 1.
Ž .Then differentiating 19 with k s m y 3,
› R nz 2Ž .m , nq1
z - y . 20Ž .2›n R nz nŽ .my 1, nq2
This completes the first stage of the proof.
Ž .Now 20 holds provided all the terms which arise in the preceding steps
are differentiable. As indicated at the beginning of this proof, for z fixed
Ž .R nz is a polynomial in 1rn and hence can be zero only at finitelyj, nql
Ž .many values of n . Thus 20 has been proved except for finitely many
Ž .values of n . By continuity of the derivative in 20 except at n s 0 and
Ž .points where the denominator is zero, we may now extend 20 to deduce
that for nz non-zero and not a zero of the denominator R ,my 1, nq2
› R nz 2Ž .m , nq1
z F y . 21Ž .2›n R nz nŽ .my 1, nq2
This completes the second stage of the proof.
In the final stage of the proof of the theorem, it is necessary to consider
Ž . Ž . Ž .the limit m “ ‘ of 21 , using 13 . Now 21 has been shown for all n / 0
which is not a zero of the denominator. We must now show that for any
Ž .point n / 0 which is not a zero of J nz , there is a neighborhood I of0 nq1
Ž .n such that 21 holds for all sufficiently large m, i.e., such that the0
Ž .denominator in 21 is non-zero for all sufficiently large m. This is indeed
Ž .the case, due to the uniformity of the limit 12 on any bounded domain of
w xvalues of n and x which does not include x s 0 19, p. 302 .
Ž .Last, having shown that 21 holds for all n g I for m sufficiently large,
taking a, b g I we have
R bz R az 2Ž . Ž . bm , bq1 m , aq1
z y z F y dn .H 2R bz R az nŽ . Ž . amy 1, bq2 my1, aq2
Ž .Now the convergence 13 gives
J bz J az 2Ž . Ž . bb a
z y z F y dn .H 2J bz J az nŽ . Ž . abq1 aq1
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Ž .Taking a s n , dividing by b y a, and letting b “ a yields 14 at n s n .0 0
As n is any point satisfying the conditions of the theorem, the proof of0
the theorem is complete.
w Ž .xRemark. Substituting the leading term of the series 19, p. 40 8 , we
see that as n decreases to 0,
J nz 2Ž .n
z y p 2,
J nz nŽ .nq1
the monotonicity following from Theorem 1.
Ž . Ž .In Figure 1 z J nz rJ nz y 2rn is plotted as a function of n , forn nq1
various values of z . These graphs were produced with Maple V release 4,
as were the other graphs in this article.
3. DEPENDENCE ON n
A very similar analysis to that given above leads to the following
Ž . Ž .theorem on the partial derivative of J x rJ x with respect to n ,n nq1
holding x fixed:
Ž .THEOREM 2. For all real n and all real x / 0 such that J x / 0,nq1
› J xŽ .n
x G 2.
›n J xŽ .nq1
Ž . Ž .Proof. Consider first the case x ) 0. From 10 and 11 ,
R x 2 1 xŽ .2, nqmy1 s n q m y 1 y .Ž . ž /ž /R x x n q m 2Ž .1, nqm
So
› R x 2 1 x 2Ž .2, nqmy1 s q ) ) 0.2 ž /›n R x x 2 xŽ . n q mŽ .1, nqm
We now use induction on k as in the proof of Theorem 1. Suppose we
have shown
› R x 2Ž .kq2, nqmyky1
) .
›n R x xŽ .kq1, nqmyk
Then from
y1R x 2 n q m y k y 2 R xŽ . Ž . Ž .kq3, nqmyky2 kq2, nqmyky1s y
R x x R xŽ . Ž .kq2, nqmyky1 kq1, nqmyk
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we have
› R x 2Ž .kq3, nqmyky2
) .
›n R x xŽ .kq2, nqmyky1
Setting k s m y 3 we have
› R x 2Ž .m , nq1
) .
›n R x xŽ .my 1, nq2
As in the proof of Theorem 1 we now conclude that for x ) 0 and not a
Ž .zero of J x ,nq1
› J xŽ .n
x G 2. 22Ž .
›n J xŽ .nq1
Ž . Ž .It now follows that 22 holds for all real x / 0 and not a zero of J x ,nq1
Ž .due to the relation 7 . Theorem 2 is thus proved.
Ž . Ž .Remark. By 15 together with 6 it follows that when n is not a
negative integer,
› J xŽ .n
lim x s 2.
›n J xx“0 Ž .nq1
Ž . Žw x w x.Using the large n behavior of J x for fixed x 19, p. 225 or 1, 9.3.1 , itn
follows that
J xŽ .n
lim x y 2n s 2.
J xn“‘ Ž .nq1
Ž . Ž .Thus, for n sufficiently large increasing to ‘, xJ x rJ x y 2n in-n nq1
creases to 2.
Ž . Ž .In Figure 2 we have plotted xJ x rJ x y 2n as a function of n , forn nq1
various values of x.
4. DEPENDENCE ON x
Ž . Ž .We discuss here the dependence of J x rJ x on x for fixed n .n nq1
Ž . Ž . w xSimilar results for xJ x rJ x were obtained by Spigler 17, 18 and arenq1 n
discussed in Section 5. Consider the case x ) 0. The case x - 0 is treated
Ž .by using 7 . Now
X
J x WŽ .n s ,2ž /J xŽ . xJ xŽ .nq1 nq1
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where, using the recurrence relations,
W s x 2 J X J y J J X s 2n q 1 xJ J y x 2 J 2 q J 2 . 23Ž . Ž . Ž .Ž .n nq1 n nq1 n nq1 n nq1
Then, again using the recurrence relations,
W X s yx J 2 q J 2 . 24Ž .Ž .n nq1
Ž . Ž .Thus W x is a strictly decreasing function of x. It follows that if W x F0
Ž .0, then W x - 0 for all x ) x . Consequently, we have, for x ) 0,0 0
Xif J rJ F 0 at x , then it is - 0Ž .n nq1 0
for all x ) x where x is not a zero of J .Ž .0 nq1
Ž .Now if n is not a negative integer, the leading behavior of J x for smalln
Ž .n Ž .x is xr2 rG n q 1 . Thus
J x 2 n q 1Ž . Ž .n
; . 25Ž .
J x xŽ .nq1
Hence:
1. If n ) y1, for small positive x, J rJ is decreasing from q‘.n nq1
Ž .X Ž Ž . Ž ..XSince J rJ - 0 for small x, it follows that J x rJ x - 0 for alln nq1 n nq1
Ž . Ž .x ) 0 where the derivative exists . This extends to x - 0 by 7 .
Ž .X2. If n - y1 and n is not a negative integer, J rJ ) 0 for smalln nq1
Ž .x. However, by 23 this derivative will be negative at the first positive zero
of J or J , and hence negative for all larger x. Furthermore, the sign ofn nq1
J rJ cannot change until the first positive zero of J or J is reached.n nq1 n nq1
Thus, as x increases from 0, J rJ increases from y‘. It reaches an nq1
Ž .maximum taking a negative value there and then decreases to y‘.
ŽThereafter it has a negative derivative wherever the derivative exists. The
Ž . .behavior for negative x is obtained from this by using 7 .
3. If n s yn is a negative integer, then
J x J xŽ . Ž .n ns y . 26Ž .
J x J xŽ . Ž .nq1 ny1
Hence, by statement 1, J rJ goes to 0 as x “ 0, is negative for smalln nq1
Žpositive x, and has a negative derivative for all real x where the derivative
.exists .
Ž . Ž .In Figure 3 we have plotted J x rJ x as a function of x, for variousn nq1
values of n .
RATIOS OF BESSEL FUNCTIONS 193
5. SPIGLER'S RESULTS
w xWe review here the work of Spigler 17, 18 on the x-dependence of the
Ž . XŽ . Ž .function F x s xJ x rJ x , and combine it with our result on then n n
Ž . Ž . Ž .dependence of order n . From Eqs. 3 and 7 it follows that F yx sn
Ž . Ž .F x , and we shall restrict attention to x G 0. Note that from 3 andn
Theorem 2 we are able to derive the following important theorem concern-
Ž .ing the variation of F x with respect to the order n :n
THEOREM 3. For all real n and x,
› Fn
x G 1Ž .
›n
Ž .away from singularities of F x .n
Ž .Remark. If n is not a negative integer, F 0 s n and thereforen
Ž .› F 0 r›n s 1.n
w xIn 17, 18 , Spigler shows that
f xŽ .nXF x s y , 27Ž . Ž .n 2xJ xŽ .n
where
2 2 2 2X 2 2 2 2f x s xJ x q x y n J x s F x q x y n J x .Ž . Ž . Ž . Ž . Ž . Ž . Ž .n n n n n
28Ž .
He also shows
2Xf x s 2 xJ x 29Ž . Ž . Ž .n n
Ž . XŽ .and concludes that f x is strictly increasing in x. Hence, if F x - 0n n 0
XŽ . Ž .then F x - 0 for all x ) x where the derivative exists . We remark thatn 0
Ž . Ž . XŽ .F x is singular at x s j for all k s 1, 2, . . . . From 28 , F x - 0 forn n , k n
Ž .all x ) j y e , for some e ) 0 where the derivative exists . It followsn , 1
Ž . Ž .that F x “ y‘ as x increases to j . Also, from 28 we conclude thatn n , 1
XŽ . < < Ž .F x - 0 for all x ) n where the derivative exists .n
Ž . Ž .Now if n is not a negative integer, Eq. 25 together with Eq. 3
w Ž . Ž .xalternatively, Eq. 8 with 6 gives for small x ) 0,
x 2
F x ; n y . 30Ž . Ž .n 2 n q 1Ž .
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We conclude:
XŽ .1. If n ) y1 then F x - 0 for small x ) 0 and hence for alln
Ž Ž . .x ) 0 where the derivative exists, that is, where J x / 0 . Also fromn
Ž . Ž .30 , lim F x s n .x “ 0 n
Ž . XŽ .2. If n - y1 is not a negative integer, then by 30 , F x ) 0 forn
Ž .small x. Then as x increases, F x increases until its maximum is reachedn
Ž .and then decreases to y‘ at the first positive zero of J x . Thereaftern
XŽ . Ž . Ž .F x - 0 wherever the derivative exists. Again from 30 , lim F xn x “ 0 n
s n .
Ž . Ž .3. If n s yn is a negative integer, then F x s F x . Thus, fromn n
Ž . XŽ .what was just shown, lim F x s n and F x - 0 for all x ) 0x “ 0 n n
Ž .wherever the derivative exists .
Ž .Remark. From Eq. 3 and conclusions 1 and 3 above, it follows that
w xLemma 2.4 of 2 holds if p G y2 for any interval of positive x-values not
containing a zero of the denominator.
Ž .The Graph of F xn
Ž .The above properties of F x give a detailed picture of the graph ofn
Ž . Ž .F x . If n ) y1 then F x decreases from n at x s 0 to y‘ at x s j ,n n n , 1
jumping to q‘ as x moves past j and then decreases to y‘ at x s j ,n , 1 n , 2
and so on, as illustrated in Figure 4A for n s 2 and Figure 4B for
Ž .n s y1r2. Let us consider now the behavior of F x as n decreases fromn
a value greater than y1 to large negative values.
It is useful to recall first the behavior of j , since these are the positiven , k
Ž . wsingularities of F x . All these j are decreasing as n decreases 19, pp.n n , k
x508]510 . For n ) y1 and decreasing, j decreases, reaching 0 at n s y1n , 1
Žand then ``annihilating,'' whereupon j becomes the new j . Wen , 2 n , 1
.consider only the positive zeros of J , not the complex zeros. For n a bitn
Žbelow y1, j is a bit smaller than j , which is ) 1. Recall thatn , 1 1, 1
Ž . Ž . .J x s yJ x . Then j decreases, becoming 0 when n s y2, and soy1 1 n , 1
the process continues.
Ž .For n - y1 not a negative integer, the behavior of F x was describedn
Ž .above. Let us determine the maximum of F x before it decreases to y‘n
XŽ .at x s j . Now at the location x s m of the maximum, F m s 0.n , 1 n n n
Ž . Ž .2 2 2Hence by Eq. 28 , F m s n y m . Son n n
2 2'F m s " n y m . 31Ž . Ž .n n n
Ž .To determine which sign is appropriate, note that if F x ) 0 for somen 1
Ž . XŽ .x - j then there is an x - j such that F x s 0 and F x - 01 n , 1 2 n , 1 n 2 n 2
Ž Ž . . Ž . Ž .since F x tends to y‘ as x increases to j . By 27 and 28 ,n n , 1
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2 2 < < < < Ž .x y n ) 0, hence x ) n . We conclude that if j - n then F x - 02 2 n , 1 n
Ž .for all x - j , and the maximum value taken by F x for 0 - x - j isn , 1 n n , 1
2 2 Ž .'y n y m . So as n decreases to yn and j decreases to 0 , m “ 0n n , 1 n
Ž .and the maximum of F x for 0 - x - j decreases to yn. On the othern n , 1
Ž . Ž . Ž .hand as ¤ p yn, we have F x p F x s F x for any x, 0 - x - jn yn n n, 1
Ž .provided n is close enough to yn so that x - j . In particular, for n an , 1
2 2 Ž'bit below yn, the maximum is positive and is given by n y m andn
. Ž . Ž .m “ 0 as n p yn . In this situation, F x rises rapidly from F 0 s n ;n n
2 2'yn to a maximum of n y m ; n at small positive x. This behavior isn
illustrated in Figure 4C for n s y1.9999 and Figure 4D for n s y2.0001.
Ž . XŽ .6. ON THE ROOTS OF THE EQUATION a J x q xJ x s 0n n
Ž .Let x , for k s 1, 2, . . . , be the positive roots of the equation a J xn , k n
XŽ .q xJ x s 0 in increasing order. Many studies of these roots are re-n
Ž w x. Ž w x.stricted to n ) 0 e.g., 5, 15 or n ) y1 e.g., 7, 14 . Using the previously
derived results which are valid for all real n , we will be able to describe the
behavior of the positive roots x as the order n varies over the entiren , k
range of all real values.
Ž .By 2 , x satisfiesn , k
F x s ya . 32Ž . Ž .n n , k
Ž .The root x of 32 has multiplicity l if the lth derivative is the firstn , k
Ž .non-zero derivative of F x with respect to x at x s x . Thus ifn n , k
XŽ .F x / 0 then x has multiplicity 1, i.e., is a simple root. From Eqs.n n , k n , k
Ž . Ž . XŽ .27 and 28 we may express F x asn
2 2 2F x q x y nŽ . Ž .nXF x s y , 33Ž . Ž .n x
which gives
1 q 2 F xŽ .nY XF x s y2 y F x . 34Ž . Ž . Ž .n nx
Thus at any point where the first derivative is 0, the second derivative is
y2. We conclude that the positive root x has at most multiplicity 2, i.e.,n , k
Žis at most a double root. This argument works for any non-zero complex
. Ž .root. Furthermore, if x is a double root then by 33 ,n , k
2 2 2F x q x y n s 0,Ž .n n , k n , k
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Ž .which together with 32 gives
a 2 q x 2 y n 2 s 0. 35Ž .n , k
But positive double roots can only occur for n - y1, since if n G y1 it
XŽ . Žwas shown in Section 5 that F x - 0 for all positive x where then
. Ž .derivative exists . Thus from 35 we have
2 2'n s y x q a . 36Ž .n , k
Thus a double root lies on the intersection of the ``double root curve''
2 2'n s y x q a 37Ž .
with the curves
F x s ya . 37Ž . Ž .n
Ž X XŽ . .For the case a s 0 which determines the roots j of J x s 0 we seen , k n
Ž . Ž . Xfrom 32 and 36 that a double root satisfies j s yn , where n - 0 andn , k
X < <J n s 0Ž .n
as is well known.
Ž .Returning to the general positive roots of 32 , we may calculate the rate
Ž .of change of x with respect to n by differentiating 32 with respect ton , k
n , which yields
dx › Fn , k n Xs y x rF x . 38Ž . Ž . Ž .n , k n n , kdn ›n
By Theorem 3 it follows that the sign of dx rdn is opposite to the sign ofn , k
XŽ . XŽ .F x . In particular dx rdn ) 0 whenever F x - 0. From then n , k n , k n n , k
Ž .discussion of the graph of F x in Section 5 we conclude that dx rdn ) 0n n , k
if any of the following conditions holds:
XŽ .1. n ) y1 or n is a negative integer: since F x - 0 for all x ifn
Ž . Ž .n ) y1, and F x s F x for any positive integer n. This improves onyn n
w x Ž w x. w x w xknown results for n ) 0 15 also 5 and n ) max y1, ya 7 .
w < < x XŽ . < <2. x ) min n , j : since F x - 0 for all x ) j or x ) n .n , k n , 1 n n , 1
Ž .3. n G ya : since if n - y1 and not a negative integer, F 0 q s nn
Ž .and initially increases. If n G ya and x ) 0 then F x s ya only wheren
it is decreasing.
XŽ . Ž .4. k G 2: since if F x ) 0 then k s 1 and x - j andn n , k n , 1 n , 1
Ž .F x is decreasing before the next root is encountered, as discussed inn
Section 5.
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A complete determination of the behavior of the roots x for alln , k
values of n and any a , including monotonicity and multiplicity, may now
be obtained in a straightforward manner by considering the intersection of
Ž .the graph y s F x , discussed and plotted in Figure 4, with the level linen
y s ya . The variation of x with n is obtained from Theorem 3 whichn , k
Ž .provides the important information that F x is strictly increasing in nn
wherever it is non-singular. In Figure 5 we have plotted, for various values
of a , the positive roots x versus n , as well as the correspondingn , k
Ž Ž . .negative roots yx . Recall that F x is even in x. These plots shouldn , k n
w x Ž .be compared with the plot 19, p. 510 Fig 33 of the roots j of J x s 0.n , k n
We give here a brief description of the roots x as n decreases from an , k
large positive value.
Consider first the case 0 F a - 1, and consider x as n decreasesn , k
from a large positive value. For n ) ya there is one root x less thann , 1
j and all roots decrease as n decreases. As n decreases to ya , xn , 1 n , 1
Ždecreases to 0 and ``annihilates.'' We consider only positive roots, not
.complex ones. There is then no root less than j until n reaches y1. Atn , 1
Žthis point j becomes 0 and annihilates the previous j now becomingn , 1 n , 2
. Ž .the new j , and a new root which becomes x appears at x s 0. Then , 1 n , 1
previous x now becomes x and for n - y1 there are two roots xn , 1 n , 2 n , 1
and x less than the new j . As n continues to decrease, x increasesn , 2 n , 1 n , 1
and x decreases until they ``collide'' and form a double root. As nn , 2
becomes more negative, the double root annihilates and there are no roots
less than j until n reaches y2. At this point the process repeats, with an , 1
new x appearing at x s 0 and the old x becoming x . Again thesen , 1 n , 1 n , 2
roots approach each other and annihilate and then there are no roots less
than j until n reaches y3. This process continually repeats as nn , 1
decreases to y‘.
The case a G 1 is similar. Let N be the smallest integer G a . As n
decreases through positive values, all roots x decrease, there being onen , k
Ž .x which is less than j . As n decreases through negative integersn , 1 n , 1
) yN, x decreases to 0 and annihilates, x becoming the new x .n , 1 n , 2 n , 1
There is always just one root x less than j until n reaches ya . Atn , 1 n , 1
Ž .this point a new root which becomes the new x appears at x s 0, then , 1
previous x becoming the new x . As n decreases, x increases andn , 1 n , 2 n , 1
x decreases until they collide and form a double root which annihilatesn , 2
as n becomes more negative. There are then no roots less than j until nn , 1
w Ž . xdecreases to yN to y N q 1 if N s a . At this point j goes to 0 andn , 1
Ž .annihilates, x becomes x , and a new root becoming x appears atn , 1 n , 2 n , 1
x s 0. As n continues to decrease, x increases and x decreases untiln , 1 n , 2
they meet and form a double root which then annihilates as n decreases
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further. The process now repeats each time n decreases through a negative
integer.
Finally, consider the case a - 0. Let N be the smallest positive integer
such that yN F a . For n ) ya there is one root x less than j , andn , 1 n , 1
all roots x decrease as n decreases. When n decreases to ya , xn , k n , 1
decreases to 0 and annihilates. As n moves below ya there is no root less
than j . All roots x decrease as n decreases. As n reaches negativen , 1 n , k
Žintegers ) a , x decreases to 0 and annihilates x becoming the newn , 1 n , 2
. w Ž .x . This process continues until n decreases to yN to y N q 1 ifn , 1
x Ž .yN s a . At this point a new root which becomes x appears at x s 0,n , 1
the previous x becoming x . Both these roots are less than j . Nown , 1 n , 2 n , 1
as n decreases further, x increases and x decreases until they collide,n , 1 n , 2
forming a double root. As n decreases further, the double root annihilates
Ž .and there are then no roots less than j until n decreases to y N q 1 ,n , 1
whereupon the process repeats, and these repetitions continue each time n
decreases through the next negative integer.
Ž .Remark. Since by Theorem 3, › F r›n G 1, it follows from Eq. 38 thatn
dx 1n , k G .Xdn F xŽ .n n , k
Therefore as two positive roots approach each other to become a double
XŽ .root, where F x s 0, the ``velocities'' of the roots tend to ‘:n n , k
dxn , k “ ‘.
dn
w xThis point was made by Kerimov and Skorokhodov 11 , but they had no
control over › F r›n .n
On the Zero Roots
We discuss here the behavior of the positive roots as they approach 0:
Ž .x “ 0 as n “ n . Since F x is singular at x s 0 when n is a negativen , k 0 n
Ž . w Ž .xinteger, it is best to write Eq. 1 see 8 as
H y s 0, 39Ž . Ž .n n
where
2x
y s 40Ž .ž /2
RATIOS OF BESSEL FUNCTIONS 199
and
n q a
H y s C y y yC y . 41Ž . Ž . Ž . Ž .n n nq12
Here
m m‘ y1 yŽ .
C y s B x s . 42Ž . Ž . Ž .Ýn n m! G n q 1 q mŽ .ms0
Ž . Ž .Note that C y and H y are entire analytic functions of n and y. Nown n
n q a
H 0 sŽ .n 2G n q 1Ž .
Ž . Ž .is 0 only if either i n s ya or ii n is a negative integer. We consider
several cases.
Case I. n “ ya where a is not a positive integer. The leading terms
Ž .in 39 are
n q a yny ; 0,
2G 1 y a G 2 y aŽ . Ž .
which gives
1 y a
y ; n q a .Ž .n 2
For the positive root x and the negative root yx , y ) 0. Thus wen , k n , k n
must have
1. n ) ya if a - 1;
2. n - ya if a ) 1.
We obtain
1r2x ; 2 1 y a n q a .Ž . Ž .n , k
Ž .Case II. n “ y1. The leading terms in 39 are
n q a n q a n q aŽ .
2n q 1 y q 1 y q q 1 y ; 0.Ž . n nž / ž /2 2 4
1. If a s 1,
2
n q 1Ž .
y ; ,n 2
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So
' < <x s 2 n q 1 .n , k
2. If a s y1,
y2 ; 2 n q 1Ž .n
and necessarily n ) y1. Then
1r4x ; 32 n q 1 .Ž .n , k
3. If a / "1,
a y 1
y ; n q 1 ,Ž .n a q 1
Ž . Ž .where necessarily, if i a ) 1 or a - y1 then n ) y1, and if ii
y1 - a - 1 then n - y1. We then obtain
1r2a y 1
x ; 2 n q 1 .Ž .n , k a q 1
Ž .Case III. n “ yn where n G 2: The leading terms from 39 yield
n q a
y n! n y 1 ! n q n y n! n y 2 ! n q n yŽ . Ž . Ž . Ž . n2
n q a n q a
n nq1q q n y y q 1 y ; 0.n nž / ž /2 2 n q 1Ž .
1. If a / "n,
a y n
ny ; n! n y 1 ! n q n ,Ž . Ž .n a q n
Ž . Ž .where if i a ) n or a - yn then n ) yn, and if ii yn - a - n then
n - yn. We then have
1r2 na y n
x ; 2 n! n y 1 ! n q n .Ž . Ž .n , k a q n
2. If a s yn,
y nq1 ; n q 1 !n! n q nŽ . Ž .n
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and necessarily n ) yn. We then have
Ž .1r 2 nq2x ; 2 n q 1 !n! n q n .Ž . Ž .n , k
3. If a s n, the leading terms give
n! n y 1 !Ž . 2 ny n q n y n! n y 2 ! n q n y q ny ; 0.Ž . Ž . Ž . n n2
Ž .a If n s 2, we obtain
2 2y n q 2 y 2 n q 2 y q 2 y ; 0.Ž . Ž . n n
Hence
'1 " 3
y ; n q 2Ž .n 2
i. If n ) y2,
'3 q 1
y ; n q 2 ,Ž .n 2
giving
1r2'x ; 2 3 q 1 n q 2 .Ž .Ž .n , k
ii. If n - y2,
'3 y 1
y ; y n q 2 ,Ž .n 2
giving
1r2'x ; y2 3 y 1 n q 2 .Ž .Ž .n , k
Ž .b If n G 3, there are two cases for the leading terms:
Ž .2 Ž .i. If n q n and n q n y are the leading terms,
n y 1
y ; y n q nŽ .n 2
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and necessarily n - yn. We obtain
1r2x ; y2 n y 1 n q n .Ž . Ž .n , k
Ž . nii. If n q n y and y are the leading terms,
y ny1 ; n y 1 ! n y 2 ! n q nŽ . Ž . Ž .n
and necessarily n ) yn. We obtain
Ž .1r 2 ny2x ; 2 n y 1 ! n y 2 ! n q n .Ž . Ž . Ž .n , k
Â Ï Â Â7. ON THE HACIK]MICHALIKOVA THEOREM
As a further application of the preceding theorems, we rederive a result
Â w x Ž w x.owing to Hacik and Michalikova 5 see also 7 : for a G 0 and n ) 0,ÂÏ Â
x rn is decreasing in n . Their proof is based on a Hellmann]Feynmann , k
approach, transforming the problem into a question of the rate of change
of eigenvalues. Here we show that their result is a simple consequence of
Ž . Ž .the properties of the ratio J x rJ x .n nq1
Ž . Ž .Set z s x rn , and suppose a G 0 and n ) 0. By 3 , Eq. 32 can ben , k n , k
written as
G n , z s 0, 43Ž . Ž .n , k
where
J nz zŽ .n
G n , z s y .Ž .
J nz 1 q arnŽ .nq1
Ž .It follows from 43 that
dz › G › Gn , k s y n , z n , z . 44Ž . Ž . Ž .n , k n , kdn ›n ›z
Now
› G › J nz z aŽ .n
n , z s y - 0 45Ž . Ž .2 2›n ›n J nz nŽ . 1 q arnŽ .nq1
by Theorem 1. Also
X
› G J x 1Ž .n
n , z s n y - 0 46Ž . Ž .
›z J x 1 q arnŽ .nq1 xsnz
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Ž . Ž . Ž .by the results of Section 4. Now inequalities 45 and 46 imply by Eq. 44
that
dzn , k
- 0. 47Ž .
dn
Ž .Remark. Note that the result 47 also holds in the case ya F n - 0.
Indeed, in the equation
d x 1 dx xn , k n , k n , ks y 48Ž .2ž /dn n n dn n
the second term on the right-hand side is - 0, and the first term on the
right-hand side is - 0 if dx rdn ) 0. But it was shown in Section 6 thatn , k
Ž .dx rn ) 0 if n G ya . Thus 47 holds for all non-zero n satisfyingn , k
n G ya . Furthermore, again by Section 6, the same conclusion holds for
all real non-zero n if k G 2.
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